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What is sex?
The production of new living organisms 

by combining genetic information from 

two individuals of different types 

(sexes).

Traditional sex is associated

with the vertical transfer of

genetic material and occurs

almost exclusively within a 

species

Cell fusion
Homologous

recombination

There are two distinct

sources of variation

Dominance means that only

part of the genome is expressed



What is sex?
“Sex” can also occur via

Lateral Gene Transfer 

For example, in bacterial 

conjugation

In a world with LGT

your family tree is a

lot more complicated!

You can even have

more than two 

“parents”!

There are varying

degrees of homology

What genetic material 

can be transferred?



What is sex?

I will consider “sex” in the most general sense to be 

the recombination of genetic material from one or 

more genomes to create a new “offspring” genome.

It is distinct from mutation in that it does not produce 

de novo genetic sequences. It uses already created 

genetic sequences and mixes and redistributes them.



The Genotype-Phenotype Map

Indirect genotype-phenotype map and

gene expression 

Not all genetic material is expressed

Coding can be redundant

Direct genotype-phenotype map and

gene expression 
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One gene – one protein

Both genomes code for 4X

Genomes are potentially

enormously fragile



Representing “sex” in all its varieties
Homologous versus

non-homologous

recombination

And this is only for fixed

length genomes!



Why does “sex” exist?

Why bother with two sexes if one is enough?
The two-fold cost of sex in sexual versus asexual reproduction. 

Moreover, you need to find a mate, attract it, avoid being eaten, forego resources,…

Also, from a selfish gene standpoint you’re only transmitting 50% of your genes.

Finally, recombination can break up useful gene combinations 

• Sexual reproduction (homologous recombination and sex) provides variation 

on which natural selection can act. 
• Sex doesn’t have to increase variation relative to selection and even if it does it doesn’t 

mean it increases fitness

• Sexual reproduction can better remove deleterious mutations
• Finite population intuition

• Sexual reproduction can better produce advantageous 
• Finite population intuition

• Recombination was designed to maintain reproductive fidelity (reduce 

variation!) in DNA. “Sex” is then just an “accidental” by-product.

• Other more complicated, not universal sounding, reasons



How do we test hypotheses?

1. Interpreting and explaining observational evidence

2. Developing mathematical models

a) What model framework?

Population genetics
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source of evolvabilit y occurs when the parameters of the evolut ionary process itself,1

such as mutat ion rates or recombinat ion dist ribut ions, themselves can change.2

Of course, if we are to understand the benefits of recombinat ion in the context3

of a mathemat ical model, a requirement is that the model itself captures the very4

mechanisms by which it is useful in the first place. This then leads us to ask if the5

apparent inability to find an agreed universal advantage for recombinat ion is due6

to the fact that the considered models are incapable of modeling the benefits —7

a defect of the model — or, rather, that the benefits are not t ransparent in the8

analyses of the models that have been studied. If the models themselves are inad-9

equate then new models with new features must be developed. On the contrary, if10

the analyses themselves are at fault , one must understand why. In this paper, we11

will start with the hypothesis that standard populat ion genet ics models are capa-12

ble of showing universal mechanisms by which recombinat ion is useful. However, by13

rest rict ing to a simple two-locus two-allele model we will be able to study the full14

parameter space of the model. Many previous classic two-locus studies, such as [13],15

have focused on the role of recombinat ion in changing the dynamics of a system16

with mult iple beneficial or deleter ious mutant genotypes. Here however, we will17

show how there are benefits of recombinat ion even in the absence of mutat ion. In18

dist inct ion to them we will also consider all possible init ial condit ions for the popu-19

lat ion and all possible landscapes. Interest ingly, in [13] most at tent ion was focused20

on the regime where there was high posit ive mult iplicat ive epistasis between two21

mutant genotypes. As we will confirm, this is, indeed, the regime where recombina-22

t ion is not favorable. However, by not consider ing all landscapes it was not possible23

to see under what circumstances recombinat ion was favorable.24

We will show that the reason why universal mechanisms have been difficult25

to ident ify is principally twofold: that the benefits are more visible in terms of26

Building Blocks (BBs) (subsets of loci defined by the recombinat ion dist ribut ion)27

not genotypes, as in standard analyses, and that the benefits of recombinat ion are28

part icularly associated with “modular” fitness landscapes, which will be discussed29

below. Thus, we believe, the results of this paper link two fundamental concepts in30

biology — the ut ilit y and ubiquity of recombinat ion with the existence of modu-31

larity. There have been arguments in the literature about the possible relat ionship32

between modularity and recombinat ion [42, 43] and later in [27, 28]. All of these33

papers considered iterat ing standard populat ion genet ic evolut ion equat ions, as in34

the present paper. However, they all rest ricted at tent ion to a small subset of fitness35

landscapes and a small set of potent ial init ial condit ions and so the generality of36

their conclusions was limited. In dist inct ion, in this paper, in the context of a two-37

locus model, we consider a complete set of fitness landscapes and init ial condit ions.38

2. R ecombinat ion — A B ui lding B lock Perspect ive39

In this sect ion, we int roduce the theoret ical framework and the chief diagnost ics40

we will use to examine the ut ility of recombinat ion. We will specifically omit the41
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What is Genetic Dynamics?

Population of “objects” – “genotypes” 

Space of populations 

P(t)

P(t+1)

General evolution equation

determines the state of the 

population at time t; Ω is the 

dimension of the space of 

states of an “object”; for linear

chromosomes with binary 

alleles Ω = 2N

p represents a set of parameters associated with

the evolution operator 

Evolution

operator

Expected next 

population for finite 

Populations.

Describes evolution?

Fixed length strings…



Consider: 

mutation
selection

recombination
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“cloning”

Mixing of genetic material

Abstractions of the principal

Genetic Operators:



In mathematics…

That’s most of standard population genetics and evolutionary computation!

Finite population model determined by Markov chain. In the infinite population limit 

for haploids:

Implicit summation over repeated indices

Probability to mutate genotype J to genotype I

Probability to implement recombination

Probability that given recombination takes place it is implemented 

with mode m

Probability to select genotype I

Conditional probability for “child” J given “parents” K and L and a mode m



Select an object J

Don’t recombine 

it with another

Mutate it to object I

Select two “parents” 

K and L (“phase space”)

Recombine them with

respect to a recombination

mode m applied with probability

pcpc(m) to obtain a “child” J

• Ω coupled non-linear difference equations

• Population genetics has spent the last 70 years     

trying to deal with them

• Go to reduced number of loci

• In object basis there are Ω3 different  λJ
KL   - that’s a lot!

• Most of them are 0!



Recombinative Dynamics

Ki=Ji

Li=*

Ji

mi = 0

Ki=*

Li=Ji Ji

mi = 1

or

In recombination, at every locus, 

one of the parental alleles is always

coarse-grained

Every m defines a particular coarse-

graining

Here its “homologous” recombination

which means that the ith locus of the 

child string comes from the ith locus 

of a parent string. This formalism 

generalises to the case where the ith

locus of the child comes from ANY

locus of the parent  



Recombinative Dynamics

Product of locus-wise projection operators

If mi = 0 (take allele for first locus of “child” from first locus of first parent) then

where *i means we have 

marginalized the probability

at the ith locusSimilarly, for mi = 1 



Recombinative Dynamics

So?! Where’s λJ
KL gone?

Every m, i.e., coarse-graining mode, for given target object J 

defines a “Building Block” Jm. At the same time this uniquely

defines a conjugate Building Block        that is the set 

complement of J in Jm.

This coarse-graining can also be implemented as a coordinate 

transformation using a transformation matrix 

In this basis λJ
KL(m) for a given m has only one non-zero

entry and it’s on the skew diagonal 



Recombinative Dynamics

• Thus we see how recombination “works” by 

taking BBs and recombining them into strings 

• If                                     (Selection Weighted 

Linkage Disequilibrium Coefficient) > 0 then 

recombination is bad for the formation of that 

string and good if < 0 (more construction then 

destruction.

• But if we want to “solve” the dynamics have to 

know what happens to the BBs! E.g. what´s the 

equation for Im? Need to coarse grain the string 

equation



Recombinative Dynamics

Note the form invariance under the coarse graining

Strings are built up from BBs which in turn have their BBs

which … the hierarchy ends at BBs with only one locus, e.g. ***1*****

BBs of the BB Jm

Projection operator

Renormalization (semi)-group



How to measure the benefits of “sex”?
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it is beneficial if it tends to bring together beneficial genotypes more often than it1

breaks them apart. Rather, it says it isbeneficial if it brings together beneficial BBs2

more frequently than it breaks them apart. TheseBBsarenot genotypes. With this3

is mind, as mentioned, we will consider two complementary metrics to evaluate the4

utility of recombination in t ime: the change in number of optimal genotypes from5

one generat ion to the next and the change in average populat ion fitness. In the6

infinite populat ion limit, the former is given by DPI
(t) = (PI (t + 1) − PI (t)). For7

fitness-proport ional select ion,8

DPI
(t) =

f I

f̄ (t)
− 1 PI (t) − pc

m

pc(m)∆ I (m, t). (5)

The first term on the right-hand side is the increase in the number of optimal9

genotypes due to the effect of selection only and the second term the contribution10

due to recombination.11

Now passing to the average populat ion fitness, we can consider two reference12

points for measuring the effect of recombination relat ive to selection. The first is to13

consider in the infinite populat ion limit14

Df̄ (t) = f̄ (t + 1) − f̄ (t)

= (f 2(t) − f̄ 2(t))/ f̄ (t) − pc

m

pc(m)

I

f I ∆ I (m, t), (6)

where once again, the first term on the right-hand side is the contribution from15

selection only, and corresponds to Fisher ’s Fundamental Theorem, while the sec-16

ond term is the contribut ion from recombinat ion. In both DPI
(t) and D ¯f (t), we are17

considering metrics that measure the relat ive contribution of recombination gener-18

ation by generation, not the cumulativeeffect of recombination versus selection. As19

a measure of the lat ter, we consider20

D ¯f r + s
(t) = f r+ s(t + 1) − f s(t + 1)

=
f 2

s+ r (t)

f̄ s+ r (t)
−

f 2
s (t)

f̄ s(t)
− pc

m ,I

pc(m)f I ∆ I (m, t). (7)

Thus, if Df̄ r + s
(t) is posit ive then the average fitness of the populat ion evolving in21

the presence of recombination and selection (r + s) is higher than that of the same22

population evolving in the presence of selection only (s).23

For both generat ion by generation metrics thequalitat ivecontribution of recom-24

bination is purely controlled by the sign of ∆ I (m). For increasing the frequency of25

a fit genotype I relat ive to the case of select ion only, we see that this will be the26

case, passing from generat ion t to generation t + 1, if and only if ∆ I (m, t) < 0,27

with the sign and magnitude of ∆ I (m, t) fixed completely by the fitness landscape28

and the actual populat ion. So, whether recombinat ion is beneficial or not passing29

from one generation to another, in this sense, is equally fixed by the fitness land-30

scape and the actual populat ion. Similarly, the increase in the average populat ion31
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Does it give you more of a 

particular fit string I? 

Does it improve overall population 

fitness relative to selection only

dynamics?
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Note how            plays a crucial role in determining the efficacy of recombination.

If             >/< 0 you get less/more of the fit string due to recombination

Note how the benefits depend on the fitness landscape

and on the actual population
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where the fitness funct ion can be writ ten as an expansion of the form1

f x = f x 1 x 2 ...x i ℓ

= F (0) +

ℓ

i 1 = 1

F
(1)
i 1

x i 1
+

ℓ− 1

i 1 = 1

ℓ

i 2 = i 1 + 1

F
(2)
i 1 i 2

x i 1
x i 2

+

ℓ− 2

i 1 = 1

ℓ− 1

i 2 = i 1 + 1

ℓ

i 3 = i 2 + 1

F
(3)
i 1 i 2 i 3

x i 1
x i 2

x i 3
+ · · ·+ F

(ℓ)
i 1 i 2 ...i ℓ

x i 1
x i 2

. . . x i ℓ , (8)

where F
(n )
i 1 i 2 ...i n
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i 1, i 2, . . . , i n and x i n
= 0, 1. The advantage of this lat ter representat ion is that3

the degree of epistasis between different loci and alleles can be simply deduced.4

This expansion, in dist inct ion to an analogous equat ion in [27, 28], is a rigorous5

mathemat ical equality being, in fact , a Taylor expansion of the fitness funct ion6

[52, 11] which is the dual basis to the BBB. As a basis the relat ion between the7

f x 1 x 2 ...x i ℓ
and the F

(n )
i 1 i 2 ...i n

is uniquely determined. So, for instance, for ℓ = 2,8

taking without loss of generality, F (0) = a, F
(1)
i = bi and F

(2)
12 = c,9

f 00 = F (0) = a,

f 01 = F (0) + F
(1)
2 = a + b2,

f 10 = F (0) + F
(1)
1 = a + b1,

f 11 = F (0) + F
(1)
1 + F

(1)
2 + F

(2)
12 = a + b1 + b2 + c.

A completely addit ive landscape has a fitness funct ion of the form f x =
ℓ
i = 1 Fi x i10

with all other F
(n )
i 1 i 2 ...i n

= 0 for n > 1. Similarly, a mult iplicat ive landscape has the11

form f x = F
(ℓ)
i 1 i 2 ... i ℓ
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. . . x i ℓ with F
(n )
i 1 i 2 ...i n

= 0 for n < ℓ . Other landscapes will12

be intermediate between these extremes. Once again, we emphasize here that we13

are measuring epistasis relat ive to the addit ive limit not the mult iplicat ive one as14

has been the norm in most papers on recombinat ion and populat ion genet ics.15

A part icularly interest ing class of landscapes in terms of their relevance for16

recombinat ion are those of “modular” type, where the loci of a genotype part it ion17

into ℓm disjoint subsets,f modules, s1, s2, . . . , sℓm
. We will consider two comple-18

mentary not ions of modularity here, one where the landscape can be decomposed19

as the sum of the individual fitnesses of these disjoint subsets, and one where the20

fitness is associated with a Boolean “OR” funct ion on the alleles of the modules. In21

the first case the fitness of a genotype is given by f x =
ℓm

si = 1 f si
, the sum of the22

fitnesses of its const ituent modules. This modularity will obviously leavean imprint23

in the expansion (8). For instance, if each module consists of ℓm loci and there is24

no epistasis between the modules then in (8) we will have F
(n )
i 1 i 2 ...i n

= 0 for n > ℓm .25

f Intuit ively these modules will be formed by cont iguous loci such as is natural for an exon or gene.
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Fi tness Landscape Epistasis and Recombination

In the second case, our not ion of modularity is associated with the idea of genet ic1

redundancy, whereby the fitness of a genotype is similar in the presence of different2

copy numbers of a given gene. The extreme limit of this is when the landscape is3

associated with an “OR” funct ion, so that the fitness of a type is the same whether4

there is one or mult iple copies of a gene. The intuit ion of a module in this context5

is that in the presence of redundancy with mult iple copy number one, or maybe6

more, genes can be removed or mutated without affect ing the fitness of the type.7

Thus, a gene acts as a module as it can be changed independent ly without affect ing8

the fitness of the type. As we will see, this corresponds to a system with a maximal9

degree of negat ive epistasis.10

As ment ioned previously, a full analysis for ℓ loci with arbit rary landscape and11

populat ion is prohibit ively difficult , so here we will focus on the case of two loci, as12

in this case we can study in the context of an exact ly solvable model the different13

regimes under which recombinat ion can be beneficial. So, rest rict ing ourselves to14

the case of two loci, ℓ = 2, we have15

f x 1 x 2
= F (0) +

2

i 1 = 1

F
(1)
i 1

x i 1
+ F

(2)
12 x1x2. (9)

For an addit ive (modular) landscape F
(2)
12 = 0. For a mult iplicat ive landscape16

F (0) F
(2)
12 = F

(1)
1 F

(1)
2 . For a redundant (modular) landscape F

(2)
i j = − F

(1)
i = − F

(1)
j17

which, as ment ioned, can be understood in terms of a Boolean “OR” , fitness18

being the same if either one or both alleles are opt imal. For a NIAH landscape19

F
(1)
1 = F

(1)
2 = 0 which, in contrast to the redundant landscape, corresponds to a20

Boolean “ AND” as fitness is only different if both alleles are opt imal.21

4. Recombinat ion in an Exact T wo-Locus M odel22

Clearly, t rying to characterize the efficacy of recombinat ion quant itat ively, and in23

detail, is prohibit ively complicated. As we saw in Sec. 2, however, within the con-24

fines of the model we are considering, in a given generat ion, it can be characterized25

using only one fundamental funct ion: the SWLD coefficient . The SWLD coefficient ,26

though, depends not only on the recombinat ion distribut ion, but also on the fitness27

landscape and the current state of the populat ion. In other words, it is a funct ion28

of a large number of parameters. To circumvent this problem we consider the case29

of two loci and calculate the SWLD coefficient as a funct ion of the fitness land-30

scape and the populat ion. Note that by two loci here we do not necessarily imply31

that they represent “genes” . They may represent any two structural units, such as32

exons, introns or other mot ifs, or nucleot ides themselves, that can be separated or33

recombined by crossover and which can be characterized, as an approximat ion, by34

a fitness landscape that is independent of the rest of the genome.35

For two loci all genotypes can be characterized by a mult i-index I = i j , with36

i , j ∈ { 0, 1, . . . , C} , where C+ 1 is the cardinality of the alphabet that labels the37
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For the opt imal genotype1

∆ 11(t) =
1

f̄ 2(t)
(a(a + b1 + b2 + c)P11(t)P00(t)

− (a + b1)(a + b2)P01(t)P10(t)). (15)

As ment ioned, the sign of ∆ i j determines the qualitat ive effect of recombinat ion2

in a given generat ion. To develop some intuit ion for how the characterist ics of3

the landscape affect our metrics we will set for the moment Pi j (0) = 1/ 4, i.e.,4

a homogeneous populat ion with no init ial bias for one genotype versus another.5

As the parameter a just sets the scale for the landscape we can without loss of6

generality for fitness proport ional select ion set a = 1. We will also set b1 = b2 = b7

so that both single mutants have the same fitness. In this case,8

∆ 11(0) =
(c− b2)

(1 + b+ c/ 4)2
. (16)

For a mult iplicat ive landscape c = b2 and ∆ 11 = 0, as is well known. For an9

addit ive landscape c = 0 and therefore ∆ 11(t) = − b2/ (1 + b) < 0. In this case,10

recombinat ion leads to a higher frequency of the opt imal genotype in the next11

generat ion than select ion alone. For a decept ive landscape, b < 0, but c > − 2b12

and so ∆ 11(t) > 0 and recombinat ion in this region of the parameter space leads13

to a lower frequency of the opt imal genotype in the next generat ion. In terms of14

BBs, for decept ive landscapes, the marginal fitnesses are such that f 1∗ < f 0∗ and15

f ∗1 < f ∗0, and so the reason why recombinat ion is unfavorable is that the necessary16
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BBs, for decept ive landscapes, the marginal fitnesses are such that f 1∗ < f 0∗ and15

f ∗1 < f ∗0, and so the reason why recombinat ion is unfavorable is that the necessary16

mutant alleles for construct ing the opt imal genotype are deleterious relat ive to the17

corresponding alleles of the genotype 00. For addit ive epistasis, such that c > b2,18

we have ∆ 11(t) > 0 and recombinat ion once again leads to a lower frequency of19

the opt imal genotype in the next generat ion than select ion alone. Generally, if we20

take c − b2 < 0 as signifying negat ive mult iplicat ive epistasis then we see that in21

such landscapes recombinat ion has a posit ive effect in terms of our ∆ metric and22

on the contrary for posit ive mult iplicat ive epistasis. Note that the addit ive limit23

c = 0 corresponds to negative mult iplicat ive epistasis. Interest ingly, Eq. (16) shows24

that the greatest benefit from recombinat ion, i.e., the minimum value of ∆ 11 is25

associated with landscapes with negat ive additive epistasis, i.e., c < 0. Maximum26

negative epistasis is given by the minimum value of c, c = − b. In this case∆ 11(t) =27

− b(1 + b)/ (1 + 3b/ 4)2.28

Why would this maximum negative epistasis be associated with the ut ility of29

recombinat ion, at least in terms of metric (5)? Examining Eq. (15) we see that the30

first term, proport ional to P11(t)P00(t), corresponds to eliminat ion of the opt imal31

genotype 11 by recombining it with the suboptimal genotype 00, whereas the term32

proport ional to P01(t)P10(t) corresponds to construct ion of 11 via recombinat ion33

of the single mutants 10 and 01. It is the competit ion between these two effects34

that measures the benefits of recombinat ion in terms of (5). Addit ive landscapes35

with c = 0 reduce the impact of destruct ion without compromising the posit ive36
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For the optimal genotype1

∆ 11(t) =
1

f̄ 2(t)
(a(a + b1 + b2 + c)P11(t)P00(t)

− (a + b1)(a + b2)P01(t)P10(t)). (15)

As mentioned, the sign of ∆ i j determines the qualitat ive effect of recombination2

in a given generat ion. To develop some intuit ion for how the characterist ics of3

the landscape affect our metrics we will set for the moment Pi j (0) = 1/ 4, i.e.,4

a homogeneous populat ion with no init ial bias for one genotype versus another.5

As the parameter a just sets the scale for the landscape we can without loss of6

generality for fitness proport ional select ion set a = 1. We will also set b1 = b2 = b7

so that both single mutants have the same fitness. In this case,8

∆ 11(0) =
(c− b2)

(1 + b+ c/ 4)2
. (16)

For a mult iplicat ive landscape c = b2 and ∆ 11 = 0, as is well known. For an9

addit ive landscape c = 0 and therefore ∆ 11(t) = − b2/ (1 + b) < 0. In this case,10

recombination leads to a higher frequency of the optimal genotype in the next11

generat ion than select ion alone. For a deceptive landscape, b < 0, but c > − 2b12

and so ∆ 11(t) > 0 and recombinat ion in this region of the parameter space leads13

to a lower frequency of the optimal genotype in the next generat ion. In terms of14

BBs, for deceptive landscapes, the marginal fitnesses are such that f 1∗ < f 0∗ and15

f ∗1 < f ∗0, and so the reason why recombination is unfavorable is that the necessary16

mutant alleles for construct ing the opt imal genotype are deleterious relat ive to the17

corresponding alleles of the genotype 00. For addit ive epistasis, such that c > b2,18

we have ∆ 11(t) > 0 and recombinat ion once again leads to a lower frequency of19

the optimal genotype in the next generat ion than select ion alone. Generally, if we20

take c− b2 < 0 as signifying negative mult iplicat ive epistasis then we see that in21

such landscapes recombination has a posit ive effect in terms of our ∆ metric and22

on the contrary for posit ive mult iplicat ive epistasis. Note that the addit ive limit23

c = 0 corresponds to negative mult iplicat ive epistasis. Interest ingly, Eq. (16) shows24

that the greatest benefit from recombinat ion, i.e., the minimum value of ∆ 11 is25

associated with landscapes with negative additive epistasis, i.e., c < 0. Maximum26

negat ive epistasis is given by the minimum value of c, c = − b. In this case∆ 11(t) =27

− b(1+ b)/ (1+ 3b/ 4)2.28

Why would this maximum negative epistasis be associated with the utility of29

recombination, at least in terms of metric (5)? Examining Eq. (15) we see that the30

first term, proport ional to P11(t)P00(t), corresponds to eliminat ion of the optimal31

genotype 11 by recombining it with the suboptimal genotype 00, whereas the term32

proportional to P01(t)P10(t) corresponds to construct ion of 11 via recombination33

of the single mutants 10 and 01. It is the competit ion between these two effects34

that measures the benefits of recombination in terms of (5). Addit ive landscapes35

with c = 0 reduce the impact of destruct ion without compromising the posit ive36
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For the opt imal genotype1

∆ 11(t) =
1

f̄ 2(t)
(a(a + b1 + b2 + c)P11(t)P00(t)

− (a + b1)(a + b2)P01(t)P10(t)). (15)

As mentioned, the sign of ∆ i j determines the qualitat ive effect of recombinat ion2

in a given generat ion. To develop some intuit ion for how the characterist ics of3

the landscape affect our metrics we will set for the moment Pi j (0) = 1/ 4, i.e.,4

a homogeneous populat ion with no init ial bias for one genotype versus another.5

As the parameter a just sets the scale for the landscape we can without loss of6

generality for fitness proport ional select ion set a = 1. We will also set b1 = b2 = b7

so that both single mutants have the same fitness. In this case,8

∆ 11(0) =
(c− b2)

(1 + b+ c/ 4)2
. (16)

For a mult iplicat ive landscape c = b2 and ∆ 11 = 0, as is well known. For an9

addit ive landscape c = 0 and therefore ∆ 11(t) = − b2/ (1 + b) < 0. In this case,10

recombinat ion leads to a higher frequency of the opt imal genotype in the next11

generat ion than select ion alone. For a deceptive landscape, b < 0, but c > − 2b12

and so ∆ 11(t) > 0 and recombinat ion in this region of the parameter space leads13

to a lower frequency of the opt imal genotype in the next generat ion. In terms of14

BBs, for decept ive landscapes, the marginal fitnesses are such that f 1∗ < f 0∗ and15

f ∗1 < f ∗0, and so the reason why recombinat ion is unfavorable is that the necessary16

mutant alleles for construct ing the opt imal genotype are deleterious relat ive to the17

corresponding alleles of the genotype 00. For addit ive epistasis, such that c > b2,18

we have ∆ 11(t) > 0 and recombinat ion once again leads to a lower frequency of19

the opt imal genotype in the next generat ion than select ion alone. Generally, if we20

take c − b2 < 0 as signifying negat ive mult iplicat ive epistasis then we see that in21

such landscapes recombinat ion has a posit ive effect in terms of our ∆ metric and22

on the contrary for posit ive mult iplicat ive epistasis. Note that the addit ive limit23

c = 0 corresponds to negat ive mult iplicat ive epistasis. Interest ingly, Eq. (16) shows24

that the greatest benefit from recombinat ion, i.e., the minimum value of ∆ 11 is25

associated with landscapes with negat ive additive epistasis, i.e., c < 0. Maximum26

negative epistasis is given by the minimum value of c, c = − b. In this case∆ 11(t) =27

− b(1 + b)/ (1 + 3b/ 4)2.28

Why would this maximum negative epistasis be associated with the ut ility of29

recombinat ion, at least in terms of metric (5)? Examining Eq. (15) we see that the30

first term, proport ional to P11(t)P00(t), corresponds to eliminat ion of the opt imal31

genotype 11 by recombining it with the subopt imal genotype 00, whereas the term32

proport ional to P01(t)P10(t) corresponds to construct ion of 11 via recombinat ion33

of the single mutants 10 and 01. It is the compet it ion between these two effects34

that measures the benefits of recombinat ion in terms of (5). Addit ive landscapes35

with c = 0 reduce the impact of destruct ion without compromising the posit ive36
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For the opt imal genotype1

∆ 11(t) =
1

f̄ 2(t)
(a(a + b1 + b2 + c)P11(t)P00(t)

− (a + b1)(a + b2)P01(t)P10(t)). (15)

As mentioned, the sign of ∆ i j determines the qualitat ive effect of recombination2

in a given generation. To develop some intuit ion for how the characterist ics of3

the landscape affect our metrics we will set for the moment Pi j (0) = 1/ 4, i.e.,4

a homogeneous population with no init ial bias for one genotype versus another.5

As the parameter a just sets the scale for the landscape we can without loss of6

generality for fitness proport ional select ion set a = 1. We will also set b1 = b2 = b7

so that both single mutants have the same fitness. In this case,8

∆ 11(0) =
(c− b2)

(1+ b+ c/ 4)2
. (16)

For a mult iplicat ive landscape c = b2 and ∆ 11 = 0, as is well known. For an9

addit ive landscape c = 0 and therefore ∆ 11(t) = −b2/ (1 + b) < 0. In this case,10

recombination leads to a higher frequency of the optimal genotype in the next11

generation than selection alone. For a deceptive landscape, b < 0, but c > − 2b12

and so ∆ 11(t) > 0 and recombination in this region of the parameter space leads13

to a lower frequency of the optimal genotype in the next generation. In terms of14

BBs, for deceptive landscapes, the marginal fitnesses are such that f 1∗ < f 0∗ and15

f ∗1 < f ∗0, and so the reason why recombination is unfavorable is that the necessary16

mutant alleles for construct ing the optimal genotype are deleterious relat ive to the17

corresponding alleles of the genotype 00. For addit ive epistasis, such that c > b2,18

we have ∆ 11(t) > 0 and recombination once again leads to a lower frequency of19

the optimal genotype in the next generation than select ion alone. Generally, if we20

take c− b2 < 0 as signifying negative mult iplicat ive epistasis then we see that in21

such landscapes recombination has a posit ive effect in terms of our ∆ metric and22

on the contrary for posit ive mult iplicat ive epistasis. Note that the addit ive limit23

c = 0 corresponds to negative mult iplicat ive epistasis. Interest ingly, Eq. (16) shows24

that the greatest benefit from recombinat ion, i.e., the minimum value of ∆ 11 is25

associated with landscapes with negat ive additive epistasis, i.e., c < 0. Maximum26

negativeepistasis is given by the minimum value of c, c = − b. In this case∆ 11(t) =27

− b(1+ b)/ (1+ 3b/ 4)2.28

Why would this maximum negative epistasis be associated with the utility of29

recombination, at least in terms of metric (5)? Examining Eq. (15) we see that the30

first term, proport ional to P11(t)P00(t), corresponds to eliminat ion of the optimal31

genotype 11 by recombining it with the suboptimal genotype 00, whereas the term32

proport ional to P01(t)P10(t) corresponds to construction of 11 via recombination33

of the single mutants 10 and 01. It is the competit ion between these two effects34

that measures the benefits of recombination in terms of (5). Addit ive landscapes35

with c = 0 reduce the impact of destruct ion without compromising the posit ive36
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For the optimal genotype1

∆ 11(t) =
1

f̄ 2(t)
(a(a + b1 + b2 + c)P11(t)P00(t)

− (a + b1)(a + b2)P01(t)P10(t)). (15)

As ment ioned, the sign of ∆ i j determines the qualitat ive effect of recombinat ion2

in a given generat ion. To develop some intuit ion for how the characterist ics of3

the landscape affect our metrics we will set for the moment Pi j (0) = 1/ 4, i.e.,4

a homogeneous populat ion with no init ial bias for one genotype versus another.5

As the parameter a just sets the scale for the landscape we can without loss of6

generality for fitness proport ional select ion set a = 1. We will also set b1 = b2 = b7

so that both single mutants have the same fitness. In this case,8

∆ 11(0) =
(c− b2)

(1 + b+ c/ 4)2
. (16)

For a mult iplicat ive landscape c = b2 and ∆ 11 = 0, as is well known. For an9

addit ive landscape c = 0 and therefore ∆ 11(t) = − b2/ (1 + b) < 0. In this case,10

recombination leads to a higher frequency of the opt imal genotype in the next11

generat ion than select ion alone. For a deceptive landscape, b < 0, but c > − 2b12

and so ∆ 11(t) > 0 and recombinat ion in this region of the parameter space leads13

to a lower frequency of the optimal genotype in the next generat ion. In terms of14

BBs, for deceptive landscapes, the marginal fitnesses are such that f 1∗ < f 0∗ and15

f ∗1 < f ∗0, and so the reason why recombinat ion is unfavorable is that the necessary16

mutant alleles for construct ing the opt imal genotype are deleterious relat ive to the17

corresponding alleles of the genotype 00. For addit ive epistasis, such that c > b2,18

we have ∆ 11(t) > 0 and recombinat ion once again leads to a lower frequency of19

the optimal genotype in the next generat ion than select ion alone. Generally, if we20

take c − b2 < 0 as signifying negative mult iplicat ive epistasis then we see that in21

such landscapes recombinat ion has a posit ive effect in terms of our ∆ metric and22

on the contrary for posit ive mult iplicat ive epistasis. Note that the addit ive limit23

c = 0 corresponds to negative mult iplicat ive epistasis. Interest ingly, Eq. (16) shows24

that the greatest benefit from recombinat ion, i.e., the minimum value of ∆ 11 is25

associated with landscapes with negat ive additive epistasis, i.e., c < 0. Maximum26

negative epistasis is given by the minimum value of c, c = − b. In this case∆ 11(t) =27

− b(1 + b)/ (1+ 3b/ 4)2.28

Why would this maximum negative epistasis be associated with the utility of29

recombinat ion, at least in terms of metric (5)? Examining Eq. (15) we see that the30

first term, proport ional to P11(t)P00(t), corresponds to eliminat ion of the optimal31

genotype 11 by recombining it with the suboptimal genotype 00, whereas the term32

proport ional to P01(t)P10(t) corresponds to construct ion of 11 via recombinat ion33

of the single mutants 10 and 01. It is the competit ion between these two effects34

that measures the benefits of recombination in terms of (5). Addit ive landscapes35

with c = 0 reduce the impact of destruct ion without compromising the posit ive36
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effect of reconstruct ion. Negat ive epistasis, on the other hand, does not affect the1

construct ion of theopt imal genotypeby recombining the singlemutants, but it does2

minimize the effect of destruct ion of the opt imal genotype. The maximal effect is3

when c = − b and corresponds to a Boolean “OR” landscape where f 01 = f 10 =4

f 11 > f 00. This is the situat ion where there is genet ic redundancy, as the fitness of5

the opt imal phenotype requires the presence of only one opt imal allele not both.6

At this naive level we also see that the benefit of recombinat ion is not restricted to7

small negat ive mult iplicat ive epistasis but , rather, the larger the addit ive negat ive8

epistasis the larger the benefit conferred by it .9

In terms of the metric (6) the contribut ion from recombinat ion is given by10

i j

f i j ∆ i j (t) = c∆ 11(t) =
c(c− b2)

(1 + b+ c/ 4)2
. (17)

For this term to give a posit ive contribut ion to the average populat ion fitness we11

requirec(c− b2) < 0. For c > 0 this requiresc < b2, which wewill term weak posit ive12

addit ive epistasis. On the other hand, for c < 0, c(c − b2) > 0 and recombinat ion13

apparent ly leadsto a decreasein theaveragepopulat ion fitness, while in theaddit ive14

limit , c = 0, there is no change. Together, a one generat ion analysis of our two15

metrics would indicate that there are benefits to recombinat ion from both of them16

only for weakly posit ively addit ively epistat ic landscapessuch that c > 0 and c < b2.17

We will characterize these landscapes as being “modular” , i.e., quasi-addit ive. It is18

important however, to go beyond a single generat ion, and for that we will consider19

metric (7) in Sec. 5.20

5. Exact N umer ical Resul t s21

We performed an explorat ion of the seven-dimensional parameter space of the two-22

locus, two-allele system to determine under which condit ions recombinat ion is ben-23

eficial in terms of our two metrics (13) and (14). In such a high dimensional space,24

visualizat ion of the result ing graphs requires separat ion into several dist inct cases.25

We set pc = 0.5 in all the following as pc just affects the magnitude of the effects of26

recombinat ion but not whether it is beneficial or not as this is principally controlled27

by the sign of ∆ .i28

5.1. Recombinat i on as a funct i on of fi tness landscape29

We first consider graphs for arbit rary fitness landscapes but for a fixed init ial pop-30

ulat ion, with a further subdivision into cases made according to the type of init ial31

populat ion. As we have fixed b1 = b2 = b and set a = 1 we display the graphs32

as funct ions of b and c. The valid region, all fitnesses posit ive with the genotype33

11 as opt imum, is given by b > − 1, c > − 2b and c > − b. The decept ive region34

i Save for the non-generic values pc = 0 and pc = 1, there are no important qualitat ive changes as

a funct ion of the recombinat ion probability.
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For this term to give a positive contribution to the change in average population 

fitness we require                    In the additive limit c = 0 there is no contribution from

this term. For c > 0 we require c < -b2 , i.e., weak positive epistasis; while for c < 0 the 

contribution is negative. Thus, naively what we find for our two metrics is contradictory –
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effect of reconstruct ion. Negative epistasis, on the other hand, does not affect the1

construct ion of theoptimal genotypeby recombining thesinglemutants, but it does2

minimize the effect of destruct ion of the optimal genotype. The maximal effect is3

when c = − b and corresponds to a Boolean “OR” landscape where f 01 = f 10 =4

f 11 > f 00. This is the situat ion where there is genetic redundancy, as the fitness of5

the optimal phenotype requires the presence of only one optimal allele not both.6

At this naive level we also see that the benefit of recombinat ion is not restricted to7

small negat ive mult iplicat ive epistasis but, rather, the larger the addit ive negative8

epistasis the larger the benefit conferred by it .9

In terms of the metric (6) the contribut ion from recombination is given by10

i j

f i j ∆ i j (t) = c∆ 11(t) =
c(c− b2)

(1 + b+ c/ 4)2
. (17)

For this term to give a posit ive contribut ion to the average populat ion fitness we11

requirec(c− b2) < 0. For c > 0 this requiresc < b2, which wewill term weak posit ive12

addit ive epistasis. On the other hand, for c < 0, c(c− b2) > 0 and recombinat ion13

apparently leadsto a decreasein theaveragepopulat ion fitness, while in theaddit ive14

limit , c = 0, there is no change. Together, a one generat ion analysis of our two15

metrics would indicate that there are benefits to recombination from both of them16

only for weakly posit ively addit ively epistat ic landscapessuch that c > 0 and c < b2.17

We will characterize these landscapes as being “modular” , i.e., quasi-addit ive. It is18

important however, to go beyond a single generat ion, and for that we will consider19

metric (7) in Sec. 5.20

5. Exact N umer ical Resul t s21

We performed an explorat ion of the seven-dimensional parameter space of the two-22

locus, two-allele system to determine under which condit ions recombinat ion is ben-23

eficial in terms of our two metrics (13) and (14). In such a high dimensional space,24

visualizat ion of the result ing graphs requires separat ion into several dist inct cases.25

We set pc = 0.5 in all the following as pc just affects the magnitude of the effects of26

recombinat ion but not whether it is beneficial or not as this is principally controlled27

by the sign of ∆ .i28

5.1. Recombination as a function of fi tness landscape29

We first consider graphs for arbit rary fitness landscapes but for a fixed init ial pop-30

ulat ion, with a further subdivision into cases made according to the type of init ial31

population. As we have fixed b1 = b2 = b and set a = 1 we display the graphs32

as funct ions of b and c. The valid region, all fitnesses posit ive with the genotype33

11 as optimum, is given by b > − 1, c > − 2b and c > − b. The decept ive region34

i Save for the non-generic values pc = 0 and pc = 1, there are no important qualitat ive changes as

a funct ion of the recombinat ion probability.
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Fig. 1. Value of ∆ at different generat ions for two-locus two-allele system as a funct ion of fitness

landscape, charact erized by b and c. T he init ial populat ion is P00 (0) = 0.8999, P01 (0) = 0.05,

P10 (0) = 0.05, P11 (0) = 0.0001. T he ∆ = 0 plane has been marked to dist inguish between

condit ions in which recombinat ion is favorable (∆ < 0) or not . T he curve on the plane is c = b2 ,

t he condit ion for a mult iplicat ive landscape.

Turning now to the graphs of the change in average fitness of the populat ion in1

Fig. 2 we see a quite dist inct behavior to that of Fig. 1. There the relat ive benefit2

of quasi-addit ive or negat ively addit ively epistat ic landscapes was universal across3

t ime. Here, we see the advantage of such landscapes is an emergent property as a4

funct ion of t ime. At t = 1, in the search regime, we see that recombinat ion leads5

to an increase in average populat ion fitness, over and above that of select ion only,6

where the biggest increase is associated with highly posit ively addit ively epistat ic7

fitness funct ions. Interest ingly, in this regime quasi-addit iveor negat ively addit ively8

epistat ic landscapesare the only ones that show a penalty for recombinat ive relat ive9

to select ion only dynamics. The bet ter performance for high posit ive epistasis is due10

to the addit ion of opt imal genotypes in an init ial populat ion dominated by the non-11

opt imal wild type. Gradually, however the effect of recombinat ion diminishes as one12

enters the modular regime so that for posit ively epistat ic landscapes the difference13

between select ion only and recombinat ive dynamics is minimal. However, we note14
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Fig. 2. Value of D ¯f r + s
at different generat ions for the two-locus two-al lele system as a funct ion

of fitness landscape, character ized by b and c. T he init ial populat ion is P00 (0) = 0.8999, P01 (0) =

0.05, P10 (0) = 0.05, P11 (0) = 0.0001. T he D ¯f r + s
= 0 plane has been marked to dist inguish

between condit ions in which recombinat ion is favorable (D ¯f r + s
> 0) or not .

that there is st ill a st rong pronounced effect for either weakly posit ively epistat ic,1

addit ive or negat ively addit ively epistat ic landscapes. Thus, in the search regime2

our two metrics give cont radictory indicat ions as to the benefit of recombinat ion.3

However, in the modular regime both metrics clearly show an advantage for quasi-4

addit ive or negat ively addit ively epistat ic landscapes and only for these types. The5

reason why the benefit is emergent in the case of average populat ion fitness can6

be seen from Eq. (14). There the contribut ion from the explicit ly pc dependent7

term is negat ive for negat ive addit ive epistasis. However, an analysis of the relat ive8

cont ribut ions of the first two terms shows that eventually the term ¯f 2(t)/ f̄ (t) is9

greater for recombinat ive dynamics than for select ion-only dynamics. If we think of10

this term asa measureof the variancein thefitnessdist r ibut ion, wecan interpret the11

benefit of recombinat ion in the modular regime as being due to the higher variance12

in the fitness dist ribut ion. Crucially, however, this excess variance is landscape13

dependent being posit ive in themodular regimeonly for quasi-addit iveor negat ively14

addit ively epistat ic landscapes.15
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is given by b < 0. For ease of interpretat ion, we also show lines associated with1

the mult iplicat ive limit b2 = c (yellow) and the addit ive limit c = 0 (green). Note2

that both the addit ive and mult iplicat ive limits requireb> 0. TheNIAH landscape3

is given by b = 0, c > 0 and lies on the border that separates non-decept ive and4

deceptive landscapes. The point b= 0, c = 0 corresponds to a flat fitness landscape5

where there is no select ion pressure.6

Two kinds of graphsareprovided, onethat displaysthevalueof theSWLD coef-7

ficient in different generat ions, and another that displays D ¯f r + s
(Eq. (7)), defined8

as the change in average fitness between generat ion t and generat ion t + 1 in a9

populat ion evolving with both select ion and recombination minus the change in10

average fitness of the same populat ion but evolving with select ion only. In the11

graphs, we show four representat ive t ime slices — t = 1, 2, 6, and 10 generat ions12

after the init ial one. The plane∆ 11 = 0 that separates the recombination advanta-13

geous/ disadvantageous regimes is displayed (turquoise in the online version). For a14

given generat ion, those values of b and c where ∆ 11 < 1 are shaded in red (below15

the ∆ 11 = 0 plane), while those where ∆ 11 > 1 correspond to a darker shading16

(above the ∆ 11 = 0 plane).17

5.1.1. Initial population P00 ≈ 118

In thisfirst case, weconsider thedynamics when the init ial populat ion isdominated19

by the non-optimal wild type 00, with P00(0) = 0.8999, P01(0) = 0.05, P10(0) =20

0.05, P11(0) = 0.0001. So, we are here interested in the effects of recombinat ion on21

the dynamics of single point mutat ions as a funct ion of the fitness landscape and22

in the background of an init ial populat ion dominated by a non-optimal wild type.23

We fix a = 1 and study the variat ion in ∆ as a funct ion of b and c, remembering24

the restrict ions 2b+ c > 0 and b+ c > 0. In the case, where b > 0 the mutat ions25

will be favorable relat ive to the wild type and for b < 0 deleterious. The most26

notable feature of Fig. 1 is that the most negative values of ∆ are associated with27

addit ive or negat ively epistat ic landscapes independently of generat ion. Note that28

earlier in the evolut ion, t = 1, the benefits of recombination are clear to see, even29

for quite posit ively epistat ic interact ions, with only deceptive landscapes showing30

a disadvantage. This, however, is due to this region being st ill in the search regime,31

as the init ial frequency of optimal genotypes was close to zero.32

Gradually, the populat ion moves away from the search regime and enters the33

modular regime, where we see that it is only for landscapes that are either weakly34

posit ively epistat ic, addit iveor negatively addit ively epistat ic that recombination is35

beneficial. Note that the relat ive benefit of recombinat ion is not fixed but evolves,36

thus showing the dependence on the relat ive frequencies of the different genotypes.37

In terms of BBs, ∆ becomes posit ive when P ′
11 > P ′

1∗P
′
∗1 so, as the frequency of38

the optimal type increases, eventually recombination becomes unfavorable relat ive39

to select ion only, with the point at which it becomes unfavorable, P ′
11 = P ′

1∗P
′
∗1,40

being dependent on the fitness landscape, as well as the init ial populat ion.41
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is given by b < 0. For ease of interpretat ion, we also show lines associated with1

the mult iplicat ive limit b2 = c (yellow) and the addit ive limit c = 0 (green). Note2

that both the addit iveand mult iplicat ive limits requireb> 0. TheNIAH landscape3

is given by b = 0, c > 0 and lies on the border that separates non-decept ive and4

deceptive landscapes. The point b= 0, c = 0 corresponds to a flat fitness landscape5

where there is no select ion pressure.6

Two kindsof graphsareprovided, onethat displaysthevalueof theSWLD coef-7

ficient in different generations, and another that displays Df̄ r + s
(Eq. (7)), defined8

as the change in average fitness between generat ion t and generation t + 1 in a9

populat ion evolving with both selection and recombination minus the change in10

average fitness of the same populat ion but evolving with select ion only. In the11

graphs, we show four representat ive time slices — t = 1, 2, 6, and 10 generations12

after the init ial one. The plane∆ 11 = 0 that separates the recombination advanta-13

geous/ disadvantageous regimes is displayed (turquoise in the online version). For a14

given generat ion, those values of b and c where ∆ 11 < 1 are shaded in red (below15

the ∆ 11 = 0 plane), while those where ∆ 11 > 1 correspond to a darker shading16

(above the ∆ 11 = 0 plane).17

5.1.1. Initial population P00 ≈ 118

In thisfirst case, weconsider thedynamics when the init ial populat ion isdominated19

by the non-optimal wild type 00, with P00(0) = 0.8999, P01(0) = 0.05, P10(0) =20

0.05, P11(0) = 0.0001. So, we are here interested in the effects of recombinat ion on21

the dynamics of single point mutations as a function of the fitness landscape and22

in the background of an init ial populat ion dominated by a non-opt imal wild type.23

We fix a = 1 and study the variat ion in ∆ as a function of b and c, remembering24

the restrict ions 2b+ c > 0 and b+ c > 0. In the case, where b > 0 the mutat ions25

will be favorable relat ive to the wild type and for b < 0 deleterious. The most26

notable feature of Fig. 1 is that the most negative values of ∆ are associated with27

addit ive or negatively epistat ic landscapes independently of generat ion. Note that28

earlier in the evolution, t = 1, the benefits of recombinat ion are clear to see, even29

for quite posit ively epistat ic interact ions, with only deceptive landscapes showing30

a disadvantage. This, however, is due to this region being still in the search regime,31

as the init ial frequency of opt imal genotypes was close to zero.32

Gradually, the population moves away from the search regime and enters the33

modular regime, where we see that it is only for landscapes that are either weakly34

posit ively epistat ic, addit iveor negatively addit ively epistat ic that recombinat ion is35

beneficial. Note that the relat ive benefit of recombinat ion is not fixed but evolves,36

thus showing the dependence on the relative frequencies of the different genotypes.37

In terms of BBs, ∆ becomes posit ive when P ′
11 > P ′

1∗P
′
∗1 so, as the frequency of38

the optimal type increases, eventually recombination becomes unfavorable relative39

to selection only, with the point at which it becomes unfavorable, P ′
11 = P ′

1∗P
′
∗1,40

being dependent on the fitness landscape, as well as the init ial populat ion.41
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is given by b < 0. For ease of interpretat ion, we also show lines associated with1

the mult iplicat ive limit b2 = c (yellow) and the addit ive limit c = 0 (green). Note2

that both the addit ive and mult iplicat ive limits requireb> 0. The NIAH landscape3

is given by b = 0, c > 0 and lies on the border that separates non-decept ive and4

deceptive landscapes. The point b= 0, c = 0 corresponds to a flat fitness landscape5

where there is no select ion pressure.6

Two kindsof graphsareprovided, onethat displaysthevalueof theSWLD coef-7

ficient in different generat ions, and another that displays Df̄ r + s
(Eq. (7)), defined8

as the change in average fitness between generat ion t and generat ion t + 1 in a9

populat ion evolving with both select ion and recombinat ion minus the change in10

average fitness of the same populat ion but evolving with select ion only. In the11

graphs, we show four representat ive t ime slices — t = 1, 2, 6, and 10 generat ions12

after the init ial one. The plane∆ 11 = 0 that separates the recombinat ion advanta-13

geous/ disadvantageous regimes is displayed (turquoise in the online version). For a14

given generat ion, those values of b and c where ∆ 11 < 1 are shaded in red (below15

the ∆ 11 = 0 plane), while those where ∆ 11 > 1 correspond to a darker shading16

(above the ∆ 11 = 0 plane).17

5.1.1. Initial population P00 ≈ 118

In thisfirst case, weconsider thedynamics when the init ial populat ion isdominated19

by the non-optimal wild type 00, with P00(0) = 0.8999, P01(0) = 0.05, P10(0) =20

0.05, P11(0) = 0.0001. So, we are here interested in the effects of recombinat ion on21

the dynamics of single point mutat ions as a funct ion of the fitness landscape and22

in the background of an init ial populat ion dominated by a non-optimal wild type.23

We fix a = 1 and study the variat ion in ∆ as a funct ion of b and c, remembering24

the restrict ions 2b+ c > 0 and b+ c > 0. In the case, where b > 0 the mutat ions25

will be favorable relat ive to the wild type and for b < 0 deleterious. The most26

notable feature of Fig. 1 is that the most negative values of ∆ are associated with27

addit ive or negatively epistat ic landscapes independently of generat ion. Note that28

earlier in the evolut ion, t = 1, the benefits of recombinat ion are clear to see, even29

for quite posit ively epistat ic interact ions, with only deceptive landscapes showing30

a disadvantage. This, however, is due to this region being st ill in the search regime,31

as the init ial frequency of optimal genotypes was close to zero.32

Gradually, the populat ion moves away from the search regime and enters the33

modular regime, where we see that it is only for landscapes that are either weakly34

posit ively epistat ic, addit iveor negatively addit ively epistat ic that recombination is35

beneficial. Note that the relat ive benefit of recombinat ion is not fixed but evolves,36

thus showing the dependence on the relat ive frequencies of the different genotypes.37

In terms of BBs, ∆ becomes posit ive when P ′
11 > P ′

1∗P
′
∗1 so, as the frequency of38

the optimal type increases, eventually recombination becomes unfavorable relat ive39

to select ion only, with the point at which it becomes unfavorable, P ′
11 = P ′

1∗P
′
∗1,40

being dependent on the fitness landscape, as well as the init ial populat ion.41
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effect of reconstruction. Negative epistasis, on the other hand, does not affect the1

construction of theoptimal genotypeby recombining thesinglemutants, but it does2

minimize the effect of destruction of the optimal genotype. The maximal effect is3

when c = −b and corresponds to a Boolean “OR” landscape where f 01 = f 10 =4

f 11 > f 00. This is the situation where there is genetic redundancy, as the fitness of5

the optimal phenotype requires the presence of only one optimal allele not both.6

At this naive level we also see that the benefit of recombinat ion is not restricted to7

small negat ive mult iplicat ive epistasis but, rather, the larger the addit ive negative8

epistasis the larger the benefit conferred by it.9

In terms of the metric (6) the contribution from recombination is given by10

i j

f i j ∆ i j (t) = c∆ 11(t) =
c(c− b2)

(1+ b+ c/ 4)2
. (17)

For this term to give a posit ive contribut ion to the average population fitness we11

requirec(c− b2) < 0. For c > 0 this requiresc < b2, which wewill term weak posit ive12

addit ive epistasis. On the other hand, for c < 0, c(c− b2) > 0 and recombination13

apparently leadsto adecreasein theaveragepopulation fitness, whilein theaddit ive14

limit, c = 0, there is no change. Together, a one generation analysis of our two15

metrics would indicate that there are benefits to recombination from both of them16

only for weakly posit ively addit ively epistat ic landscapessuch that c > 0 and c < b2.17

We will characterize these landscapes as being “modular” , i.e., quasi-addit ive. It is18

important however, to go beyond a single generation, and for that we will consider19

metric (7) in Sec. 5.20

5. Exact Numer ical Result s21

We performed an exploration of the seven-dimensional parameter spaceof the two-22

locus, two-allele system to determine under which condit ions recombination is ben-23

eficial in terms of our two metrics (13) and (14). In such a high dimensional space,24

visualization of the result ing graphs requires separation into several dist inct cases.25

We set pc = 0.5 in all the following as pc just affects the magnitude of the effects of26

recombination but not whether it isbeneficial or not as this isprincipally controlled27

by the sign of ∆ .i28

5.1. Recombination as a function of fi tness landscape29

We first consider graphs for arbitrary fitness landscapes but for a fixed init ial pop-30

ulation, with a further subdivision into cases made according to the type of init ial31

population. As we have fixed b1 = b2 = b and set a = 1 we display the graphs32

as functions of b and c. The valid region, all fitnesses posit ive with the genotype33

11 as optimum, is given by b > −1, c > −2b and c > −b. The deceptive region34

i Save for the non-generic values pc = 0 and pc = 1, there are no important qualitat ive changes as

a funct ion of the recombinat ion probability.
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So, how do we interpret these results in terms of BBs? Both in the search and1

modular regimes the advantage of recombinat ion is associated with the fact that2

BBs of the opt imal genotype, 1∗ and ∗1, are recombined to form the type 11. As the3

graphs show, this recombinat ion of BBs is, in fact , a more efficient process in gen-4

erat ing opt imal types and increasing overall populat ion fitness than select ion alone5

for weakly epistat ic landscapes. In fact , the benefit in the search regime is actually6

relat ively independent of the degree of epistasis of the landscape. Later on though,7

in the modular regime, the generat ion of opt imal genotypes by recombining opt imal8

BBs competes against the generat ion that evolved through pure select ion effects.9

For posit ively epistat ic landscapes, once there are enough opt imal types select ion10

can produce new ones as or more efficient ly than recombinat ion. For modular land-11

scapes however, recombinat ion retains its advantage. Indeed, this is, in fact , what12

characterizes the modular regime, i.e., that weakly epistat ic BBs or modules are jux-13

taposed by recombinat ion into even fit ter genotypes leading to a faster evolut ion14

and a faster increase in average populat ion fitness. The fact that the recombinat ion15
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Fig. 3. Value of ∆ at different generat ions for two-locus two-allele system as a funct ion of fitness

landscape, characterized by b and c. T he init ial populat ion is P11 (0) = 0.8999, P10 (0) = 0.05,

P01 (0) = 0.05 and P00 (0) = 0.0001. T he ∆ = 0 plane has been marked to dist inguish between

condi t ions in which recombinat ion is favorable (∆ < 0) or not . T he curve on the plane is c = b2 ,

t he condit ion for a mult iplicat ive landscape.
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is even more beneficial in the presence of addit ive negat ive epistasis is due to the1

fact that the destruct ion of the opt imal type produces two single mutants that have2

fitness very similar to that of the opt imal type. This is the advantage of genet ic3

redundancy.4

5.1.2. Initial population P11 ≈ 15

We now turn to the case where the init ial populat ion is dominated by the opt imal6

genotype as the wild type with the presence of genotypes with a single deleterious7

mutat ion and a small proport ion of deleterious double mutant genotypes. Specif-8

ically, P11(0) = 0.8999, P10(0) = 0.05, P01(0) = 0.05 and P00(0) = 0.0001. The9

quest ion now is: What is the dynamics of the deleter ious mutat ions in the popula-10

t ion as a funct ion of the landscape parameters? Once again, we fix a = 1 and study11

the variat ion in ∆ as a funct ion of b and c.12

In Fig. 3, the first thing to not ice is that , in dist inct ion to the case where13

the init ial populat ion is dominated by the non-opt imal genotype, here there is14
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Fig. 4. Value of D f̄ r + s
at different generat ions for the two-locus, two-allele system as a funct ion

of fitness landscape, character ized by a and c. T he init ial populat ion is P11 (0) = 0.8999, P10 (0) =

0.05, P01 (0) = 0.05 and P00 (0) = 0.0001. T he D ¯f r + s
= 0 plane has been marked to dist inguish

between condit ions in which recombinat ion is favorable (D ¯f r + s
> 0) or not .
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is even more beneficial in the presence of addit ive negative epistasis is due to the1

fact that the destruction of the optimal typeproduces two singlemutants that have2

fitness very similar to that of the optimal type. This is the advantage of genetic3

redundancy.4

5.1.2. Initial population P11 ≈ 15

We now turn to the case where the init ial populat ion is dominated by the opt imal6

genotype as the wild type with the presence of genotypes with a single deleterious7

mutation and a small proport ion of deleterious double mutant genotypes. Specif-8

ically, P11(0) = 0.8999, P10(0) = 0.05, P01(0) = 0.05 and P00(0) = 0.0001. The9

question now is: What is the dynamics of the deleterious mutations in the popula-10

t ion as a function of the landscapeparameters? Once again, wefix a = 1 and study11

the variat ion in ∆ as a function of b and c.12

In Fig. 3, the first thing to notice is that, in dist inct ion to the case where13

the init ial population is dominated by the non-optimal genotype, here there is14
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Fig. 4. Value of D f̄ r + s
at different generat ions for the two-locus, two-allele system as a funct ion

of fitness landscape, characterized by a and c. The init ial populat ion is P11(0) = 0.8999, P10(0) =

0.05, P01(0) = 0.05 and P00(0) = 0.0001. The D f̄ r + s
= 0 plane has been marked to dist inguish

between condit ions in which recombinat ion is favorable (D ¯f r + s
> 0) or not .
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is even more beneficial in the presence of addit ive negative epistasis is due to the1

fact that the destruct ion of the optimal type produces two singlemutants that have2

fitness very similar to that of the optimal type. This is the advantage of genetic3

redundancy.4

5.1.2. Initial population P11 ≈ 15

We now turn to the case where the init ial populat ion is dominated by the opt imal6

genotype as the wild type with the presence of genotypes with a single deleterious7

mutation and a small proport ion of deleterious double mutant genotypes. Specif-8

ically, P11(0) = 0.8999, P10(0) = 0.05, P01(0) = 0.05 and P00(0) = 0.0001. The9

question now is: What is the dynamics of the deleterious mutat ions in the popula-10

t ion as a funct ion of the landscape parameters? Once again, wefix a = 1 and study11

the variat ion in ∆ as a funct ion of b and c.12

In Fig. 3, the first thing to notice is that , in dist inct ion to the case where13

the init ial populat ion is dominated by the non-optimal genotype, here there is14
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Fig. 4. Value of D f̄ r + s
at different generat ions for the two-locus, two-allele system as a funct ion

of fitness landscape, characterized by a and c. The init ial populat ion is P11 (0) = 0.8999, P10 (0) =

0.05, P01 (0) = 0.05 and P00 (0) = 0.0001. The D f̄ r + s
= 0 plane has been marked to dist inguish

between condit ions in which recombinat ion is favorable (D ¯f r + s
> 0) or not .
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no dist inct behavior associated with the search regime, as the opt imal genotype1

is already dominant in the populat ion. Thus, for posit ively epistat ic landscapes2

the difference due to recombinat ion is small. However, for addit ive or negat ively3

epistat ic landscapes we see that recombinat ion is advantageous, with the advantage4

being more significant in the presence of negat ive epistasis. This is due to the fact5

that in such landscapes the eliminat ion of the subopt imal double mutant 00 is more6

efficient .7

Consider ing now the average populat ion fitness, we see clearly in Fig. 4 how the8

advantage of recombinat ion manifests itself in the modular regime where epistasis9

is weak. Interest ingly, we see how, once again, negat ively epistat ic landscapes are,10

in the early part of the evolut ion, associated with D ¯f r + s
< 0. This is due to the11

fact that for negat ive epistasis the overall cont ribut ion to the populat ion fitness of12

a deleterious double mutant and an opt imal genotype is less than that of two types13

each with a single deleterious mutat ion. However, after creat ing the less fit double14

mutant , select ion can eliminate the mutat ions thereby purifying the populat ion15
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Fig. 5. Value of ∆ at different generat ions for two-locus two-allele system as a funct ion of fitness

landscape, characterized by b and c. T he init ial populat ion is P00 (0) = 0.4999, P01 (0) = 0.25,

P10 (0) = 0.25, P11 (0) = 0.0001. T he ∆ = 0 plane has been marked to dist inguish between

condit ions in which recombinat ion is favorable (∆ < 0) or not . T he curve on the plane is c = b2 ,

t he condit ion for a mult iplicat ive landscape.
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more efficient ly than select ion alone. The more modular the landscape the more1

efficient this process becomes.2

5.1.3. Initial population P11 ≈ 0, P00 ≈ 1
2
, P01 ≈ P10 ≈ 1

4
3

We now consider a scenario similar to that of Sec. 5.1.1, where the init ial proport ion4

of opt imal genotypes iszero; but now, however, the frequency of the BBs, 1∗ and ∗1,5

represented by the beneficial mutants 01 and 10, relat ive to the less fit wild type 006

is much higher. Concretely, the init ial populat ion is: P11(0) = 0.0001, P10(0) = 0.25,7

P01(0) = 0.25 and P00(0) = 0.4999 so that the BBs 1∗ and ∗1 form about a quarter8

of the populat ion each one.9

We see in Fig. 5 that the graphs are qualitat ively similar to those of Fig. 1.10

The chief difference now is that recombinat ion is even more disadvantageous in11

the search regime for decept ive landscapes than before and more advantageous for12

modular landscapes — weak or zero posit ive epistasis or negat ive epistasis. This13
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more efficient ly than select ion alone. The more modular the landscape the more1

efficient this process becomes.2

5.1.3. Initial population P11 ≈ 0, P00 ≈ 1
2
, P01 ≈ P10 ≈ 1

4
3

Wenow consider a scenario similar to that of Sec. 5.1.1, where the init ial proport ion4

of opt imal genotypes iszero; but now, however, the frequency of theBBs, 1∗ and ∗1,5

represented by the beneficial mutants 01 and 10, relat ive to the less fit wild type 006

ismuch higher. Concretely, the init ial populat ion is: P11(0) = 0.0001, P10(0) = 0.25,7

P01(0) = 0.25 and P00(0) = 0.4999 so that the BBs 1∗ and ∗1 form about a quarter8

of the populat ion each one.9

We see in Fig. 5 that the graphs are qualitat ively similar to those of Fig. 1.10

The chief difference now is that recombinat ion is even more disadvantageous in11

the search regime for decept ive landscapes than before and more advantageous for12

modular landscapes — weak or zero posit ive epistasis or negat ive epistasis. This13
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more efficiently than select ion alone. The more modular the landscape the more1

efficient this process becomes.2

5.1.3. Initial population P11 ≈ 0, P00 ≈ 1
2
, P01 ≈ P10 ≈ 1

4
3

Wenow consider a scenario similar to that of Sec. 5.1.1, wherethe init ial proport ion4

of optimal genotypes iszero; but now, however, the frequency of theBBs, 1∗ and ∗1,5

represented by the beneficial mutants 01 and 10, relat ive to the less fit wild type 006

ismuch higher. Concretely, the init ial populat ion is: P11(0) = 0.0001, P10(0) = 0.25,7

P01(0) = 0.25 and P00(0) = 0.4999 so that the BBs 1∗ and ∗1 form about a quarter8

of the populat ion each one.9

We see in Fig. 5 that the graphs are qualitat ively similar to those of Fig. 1.10

The chief difference now is that recombination is even more disadvantageous in11

the search regime for deceptive landscapes than before and more advantageous for12

modular landscapes — weak or zero posit ive epistasis or negat ive epistasis. This13
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more efficiently than select ion alone. The more modular the landscape the more1

efficient this process becomes.2

5.1.3. Initial population P11 ≈ 0, P00 ≈ 1
2
, P01 ≈ P10 ≈ 1

4
3

Wenow consider a scenario similar to that of Sec. 5.1.1, where the init ial proport ion4

of opt imal genotypes iszero; but now, however, the frequency of theBBs, 1∗ and ∗1,5

represented by the beneficial mutants 01 and 10, relat ive to the less fit wild type 006

ismuch higher. Concretely, the init ial populat ion is: P11(0) = 0.0001, P10(0) = 0.25,7

P01(0) = 0.25 and P00(0) = 0.4999 so that the BBs 1∗ and ∗1 form about a quarter8

of the populat ion each one.9

We see in Fig. 5 that the graphs are qualitat ively similar to those of Fig. 1.10

The chief difference now is that recombination is even more disadvantageous in11

the search regime for deceptive landscapes than before and more advantageous for12

modular landscapes — weak or zero posit ive epistasis or negative epistasis. This13
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So, we see that the principle effect of increasing the BB frequency in the init ial1

populat ion is to accelerate the rate of evolut ion so that the frequency of the opt imal2

genotype and the average populat ion fitness increase more rapidly.3

5.1.4. Initial population P11 ≈ 0, P00 ≈ 04

We now look at an even more ext reme case, where the init ial populat ion is com-5

pletely dominated by the single mutants 01 and 10 with the init ial populat ion6

being P11(0) = 0.0001, P10(0) = 0.4999, P01(0) = 0.4999 and P00(0) = 0.0001.7

Qualitat ively, the results are as in Secs. 5.1.3 and 5.1.1; the strong presence of the8

BBs 1∗ and ∗1 leading to a very efficient product ion of the opt imal genotype 11.9

Although recombinat ion leads to the generat ion of opt imal genotypes it also leads10

to the product ion of the sub-opt imal double mutants 00. The lat ter, however, as11

the graphs clearly show, are flushed out by select ion. In fact , as Fig. 7 shows, they12

are produced and then flushed out most efficient ly in the presence of recombinat ion13

for modular landscapes when compared to select ion only.14
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Fig. 8. Value of ∆ at different generat ions for two-locus two-al lele system as a funct ion of fitness

landscape, characterized by b and c. T he init ial populat ion is Pi j (0) = 0.25. T he ∆ = 0 plane has

been marked to dist inguish between condit ions in which recombinat ion is favorable (∆ < 0) or

not . T he curve on the plane is c = b2 , t he condit ion for a mult iplicat ive landscape.
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5.1.5. Ini tial homogeneous population Pi j = 0.251

The final init ial populat ion type we will consider is that of a uniform init ial popula-2

t ion whereall genotypeshave the same init ial frequency, 0.25. Here, we see behavior3

that is qualitat ively similar to that found for other populat ions. The chief differ-4

ence here is that given the ample presence of the opt imal genotype in the init ial5

populat ion there is no search regime and so the dynamics begins and remains in6

the modular regime. With no populat ion bias we can see the role played by the7

mult iplicat ive limit with, at t = 1, ∆ being posit ive for landscapes with posit ive8

mult iplicat ive epistasis and, part icularly, decept ive landscapes. It is negat ive for9

weakly posit ively epistat ic, addit ive and negat ively epistat ic landscapes. As evo-10

lut ion progresses, we can see that the relat ive advantage diminishes such that at11

t = 10 the advantage of recombinat ion is only not iceable for larger negat ive epis-12

tasis. In terms of average populat ion fitness in Fig. 9, we see an analogous story:13

at t = 1 average populat ion fitness is increased only for landscapes with negat ive14

mult iplicat iveepistasis, up to the addit ive limit , but is, in fact , negat ive for negat ive15
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Fig. 9. Value of D f̄ r + s
at different generat ions for the two-locus two-allele system as a funct ion of

fitness landscape, character ized by b and c. T he init ial populat ion is Pi j (0) = 0.25. T he D ¯f r + s
= 0

plane has been marked to dist inguish between condit ions in which recombinat ion is favorable

(D ¯f r + s
> 0) or not .
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5.1.5. Initial homogeneous population Pi j = 0.251

The final init ial populat ion typewewill consider is that of a uniform init ial popula-2

t ion whereall genotypeshavethesameinit ial frequency, 0.25. Here, weseebehavior3

that is qualitat ively similar to that found for other populat ions. The chief differ-4

ence here is that given the ample presence of the optimal genotype in the init ial5

populat ion there is no search regime and so the dynamics begins and remains in6

the modular regime. With no populat ion bias we can see the role played by the7

mult iplicat ive limit with, at t = 1, ∆ being posit ive for landscapes with posit ive8

mult iplicat ive epistasis and, part icularly, deceptive landscapes. It is negative for9

weakly posit ively epistat ic, addit ive and negatively epistat ic landscapes. As evo-10

lut ion progresses, we can see that the relat ive advantage diminishes such that at11

t = 10 the advantage of recombination is only not iceable for larger negative epis-12

tasis. In terms of average populat ion fitness in Fig. 9, we see an analogous story:13

at t = 1 average populat ion fitness is increased only for landscapes with negative14

mult iplicat iveepistasis, up to theaddit ive limit , but is, in fact, negativefor negative15
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Fig. 9. Value of D f̄ r + s
at different generat ions for the two-locus two-allele system as a funct ion of

fitness landscape, character ized by b and c. The init ial populat ion is Pi j (0) = 0.25. The D ¯f r + s
= 0

plane has been marked to dist inguish between condit ions in which recombinat ion is favorable

(D f̄ r + s
> 0) or not .
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Fig. 10. Value of ∆ at different t ime steps for a two-locus two-al lele system with an addit ive

fitness landscape (a = 1, b1 = b2 = 1, c = 0) for different values of the init ial populat ion given

by P11 and P10 (= P01 ). T he ∆ = 0 plane has been marked to dist inguish between condit ions in

which recombinat ion is favorable (∆ < 0) or not .

Finally, the presence of a trough associated with quite negat ive values of ∆1

for t = 6 and t = 10 is a consequence of the fact that the search regime is more2

extensive when the frequency of both opt imal genotype and BBs is low.3

5.2.2. Neutral landscape: b1 = b2 = c = 0, a ̸= 0 (A = 1)4

For a neutral landscape, where the effects of select ion are null, as with the addit ive5

landscape, the “ the more BBs the bet ter recombinat ion is” rule is valid, but we see6

a different behavior as a funct ion of init ial populat ion. For neutral evolut ion, the7

SWLD, ∆ , and the standard linkage disequilibrium coefficient , D , are the same. So,8

Fig. 11 shows the approach to the Geiringer or Robbins manifold, defined by D = 0.9

The approach to this manifold is from the negat ive or posit ive side depending on10

whether the init ial populat ion is dominated by the BBs 01 and 10, or by the opt imal11

genotype 11. The Geiringer limit has been amply studied in the literature [18].12

Thus, recombinat ion is beneficial when there is an ample supply of BBs and few13

opt imal types, and deleterious when there are no BBs. The minimal value of ∆ is14

for P01(0) = 0.5 and the maximal for P01(0) = 0, P00(0) = P11(0) = 0.5.15
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Fig. 11. Value of ∆ at different t ime steps for a two-locus two-allele system with a neut ral

(b1 = b2 = c = 0, a ̸= 0) fi t ness landscape for different values of the init ial populat ion given by

P11 (0) and P10 (0) = P01 (0). T he ∆ = 0 plane has been marked to dist inguish between condit ions

in which recombinat ion is favorable (∆ < 0) or not .

5.2.3. Multiplicative landscape a = 1, b1 = b2 = 2, c = 41

This landscape sat isfies the mult iplicat ive constraint that ac = b2. Here we see in2

Fig. 12 that recombinat ion is favorable in thesearch regimewhere the BB frequency3

is high and the frequency of the opt imal genotype is low. However, for other than4

very small P11 we can see that recombinat ion is somewhat unfavorable when the5

BB frequency is relat ively low but , in the main, it is generally neutral in its effects.6

This is consistent with known results for mult iplicat ive landscapes. In fact , viewing7

the t ime evolut ion, even if one starts in the search regime we see that very quickly8

the system approaches linkage equilibr ium.9

5.2.4. Needle-In-A-Haystack, b1 = b2 = 0, c ̸= 0, a ̸= 0 (A = a
a+ c

)10

We now turn to the case of a landscape with maximally posit ive epistasis— NIAH,11

which, as ment ioned, has been used extensively in models of molecular evolut ion12

and, especially, in considerat ions of select ion-mutat ion balance and the existence of13
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addit ive epistasis. However, as evolut ion progresses, once again, we see the domi-1

nant role played by modular landscapes— i.e., weakly posit ively epistat ic, addit ive2

and negat ively epistat ic landscapes.3

5.2. Recombinat ion as a function of populat ion4

Having explored the effect of recombinat ion on the space of fitness landscapes, by5

varyingcont inuously thelandscapeparametersband c for a variety of dist inct init ial6

populat ions, we now consider the complementary viewpoint of considering how7

the effect of recombination changes by varying continuously the init ial populat ion8

for a variety of fixed fitness landscapes. Due to the conservation of probability,9

the populat ion vector is characterized by only three frequencies. For simplicity of10

visualizat ion, we will consider init ial populat ions such that P01(0) = P10(0) and11

consider the populat ion dynamics as a funct ion of P11(0) and P01(0).12

A general observat ion on almost all the graphs in this section is that, since13

there is generic convergence to the opt imal genotype P11 = 1 for non-deceptive14

landscapes, all the surfaces have∆ = 0 in the P11 = 1 corner.15

5.2.1. Additive landscape a = 1, b1 = b2 = 1, c = 016

The first landscape we will consider is an addit ive landscape (c = 0). For this17

landscape, asseen in Fig. 10, the tendency isclear, that themoreBBsand the fewer18

optimal typesthereare, themorerecombinat ion helps. This isagain a manifestat ion19

of the search regime. In this landscape, as can be seen at t = 1, recombination in20

termsof ∆ isonly unfavorablewhen theproport ion of optimal types isappropriately21

larger than the frequencies of the BBs, as then select ion can act more efficiently22

to increase the frequency of the optimal type than can recombination of the single23

mutants. However, we see that this effect is temporary. By t = 6 basically any24

init ial populat ion is associated with ∆ < 0. We can see that the SWLD increases25

in t ime, approaching zero asymptot ically, this regime being associated with the26

approach to a populat ion completely dominated by the optimal genotype. This27

dynamics, in fact, shows an important universality associated with recombination:28

that the action of recombinat ion is to drive the system to part icular frequencies29

for the optimal type and its BBs that correspond to quite special init ial condit ions30

at t = 0. To understand this, note that at t = 6 and t = 10 the proport ion of31

optimal types is high. If we imagine the value of P11(t = 6), for example, that32

is a consequence of evolut ion in the presence of recombination, then we can map33

those values such as to imagine them as init ial condit ions, say at t = 1, for further34

evolut ion. However, we can observeat t = 1 that valuesof P11 close to 1 correspond35

to posit ivevalues of ∆ except in a very narrow wedge where the values of P01 areas36

high as possible. This wedge is associated precisely with a lower relat ive frequency37

of the suboptimal 00 genotype. The conclusion is that recombination is removing38

the suboptimal 00 genotype more efficient ly than select ion only.39
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Fig. 10. Value of ∆ at different t ime steps for a two-locus two-allele system with an addit ive

fitness landscape (a = 1, b1 = b2 = 1, c = 0) for different values of the init ial populat ion given

by P11 and P10(= P01 ). The ∆ = 0 plane has been marked to dist inguish between condit ions in

which recombinat ion is favorable (∆ < 0) or not .

Finally, the presence of a trough associated with quite negat ive values of ∆1

for t = 6 and t = 10 is a consequence of the fact that the search regime is more2

extensive when the frequency of both optimal genotype and BBs is low.3

5.2.2. Neutral landscape: b1 = b2 = c = 0, a ̸= 0 (A = 1)4

For a neutral landscape, where the effects of select ion are null, as with the addit ive5

landscape, the “ the more BBs the better recombination is” rule is valid, but we see6

a different behavior as a function of init ial populat ion. For neutral evolut ion, the7

SWLD, ∆ , and the standard linkagedisequilibrium coefficient, D , are thesame. So,8

Fig. 11 showstheapproach to theGeiringer or Robbins manifold, defined by D = 0.9

The approach to this manifold is from the negative or posit ive side depending on10

whether the init ial populat ion isdominated by theBBs01 and 10, or by theoptimal11

genotype 11. The Geiringer limit has been amply studied in the literature [18].12

Thus, recombinat ion is beneficial when there is an ample supply of BBs and few13

opt imal types, and deleterious when there are no BBs. The minimal value of ∆ is14

for P01(0) = 0.5 and the maximal for P01(0) = 0, P00(0) = P11(0) = 0.5.15
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Fig. 12. Value of ∆ at different t ime steps for a two-locus, two-allele system with a mult iplicat ive

fitness landscape (a = 1, b1 = b2 = 2, c = 4) for different values of the init ial populat ion given

by P11 and P10 (= P01 ). T he ∆ = 0 plane has been marked to dist inguish between condit ions in

which recombinat ion is favorable (∆ < 0) or not .

error thresholds. Here, it corresponds to a Boolean “ AND” funct ion on the two loci.1

As a funct ion of the init ial populat ion we can clearly see in Fig. 13 that in the search2

regime, where there is an ample supply of BBs and only a zero or small proport ion3

of the opt imal genotype, that recombinat ion is favorable, both in terms of leading4

to a more efficient product ion of the opt imal genotype when compared to select ion5

only (∆ < 0) as well as a more fit populat ion (D ¯f r + s
> 0, Fig. 14). On the other6

hand, away from the search regime it is clear that the effects of recombinat ion are7

unfavorable. Note that the advantage or disadvantage of recombinat ion decreases8

in t ime as the system gets closer to linkage equilibr ium, this equilibr ium being9

associated with a populat ion dominated by the opt imal genotype.10

5.2.5. Landscape with genetic redundancy, a = 1, b = 1, c = − 111

For a landscapewith maximal negat iveepistasis, corresponding to an “OR” Boolean12

funct ion on the two loci, we see in Fig. 15 that very rapidly recombinat ion becomes13

beneficial in terms of ∆ for any init ial populat ion.14
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Fig. 13. Value of ∆ at different generat ions for a two-locus two-allele system with a “ Needle

in a haystack” fi t ness landscape (b1 = b2 = 0, c = 0.001, a = 1) for different values of the

init ial populat ion given by P11 and P10 (= P01 ). T he ∆ = 0 plane has been marked to dist inguish

between condit ions in which recombinat ion is favorable (∆ < 0) or not .

5.2.6. Deceptive landscape, a = 1, b = − 0.5, c = 21

Finally, a decept ive landscape (Fig. 16) offers a complete cont rast to that of a2

redundant one, with recombinat ion being disadvantageous in terms of ∆ for any3

init ial populat ion.4

6. Conclusion5

As discussed in the int roduct ion, genet ic recombinat ion remains a puzzle as far as6

having a full, intuit ive understanding of why it is so prevalent , with no generally7

accepted explanat ion of its benefits. Many, many theoret ical analyses have been8

performed. The vast majority of these have been in the context of variat ions on9

a theme of standard populat ion genet ics models — haploid, diploid, with modifier10

genes, without modifier genes, with finite populat ion, with infinite populat ion, with11

mutat ion, without mutat ion, with few loci, with many loci, with different fitness12

landscapes, with different populat ion states etc. In addit ion, many of these studies13

were analyt ical in nature and therefore inevitably associated with assumpt ions and14
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Fig. 11. Value of ∆ at different t ime steps for a two-locus two-allele system with a neutral

(b1 = b2 = c = 0, a ̸= 0) fitness landscape for different values of the init ial populat ion given by

P11 (0) and P10 (0) = P01 (0). The ∆ = 0 plane has been marked to dist inguish between condit ions

in which recombinat ion is favorable (∆ < 0) or not .

5.2.3. Multiplicative landscape a = 1, b1 = b2 = 2, c = 41

This landscape sat isfies the mult iplicat ive constraint that ac = b2. Here we see in2

Fig. 12 that recombinat ion is favorablein thesearch regimewheretheBB frequency3

is high and the frequency of the optimal genotype is low. However, for other than4

very small P11 we can see that recombinat ion is somewhat unfavorable when the5

BB frequency is relat ively low but, in the main, it is generally neutral in its effects.6

This is consistent with known results for mult iplicat ive landscapes. In fact, viewing7

the t ime evolut ion, even if one starts in the search regime we see that very quickly8

the system approaches linkage equilibr ium.9

5.2.4. Needle-In-A-Haystack, b1 = b2 = 0, c ̸= 0, a ̸= 0 (A = a
a+ c

)10

We now turn to the case of a landscape with maximally posit ive epistasis— NIAH,11

which, as mentioned, has been used extensively in models of molecular evolut ion12

and, especially, in considerat ions of select ion-mutat ion balance and the existence of13
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Fig. 11. Value of ∆ at different t ime steps for a two-locus two-allele system with a neutral

(b1 = b2 = c = 0, a ̸= 0) fitness landscape for different values of the init ial populat ion given by

P11 (0) and P10 (0) = P01 (0). The ∆ = 0 plane has been marked to dist inguish between condit ions

in which recombinat ion is favorable (∆ < 0) or not .

5.2.3. Multiplicative landscape a = 1, b1 = b2 = 2, c = 41

This landscape sat isfies the mult iplicat ive constraint that ac = b2. Here we see in2

Fig. 12 that recombinat ion is favorablein thesearch regimewheretheBB frequency3

is high and the frequency of the optimal genotype is low. However, for other than4

very small P11 we can see that recombinat ion is somewhat unfavorable when the5

BB frequency is relat ively low but, in the main, it is generally neutral in its effects.6

This is consistent with known results for mult iplicat ive landscapes. In fact, viewing7

the t ime evolut ion, even if one starts in the search regime we see that very quickly8

the system approaches linkage equilibr ium.9

5.2.4. Needle-In-A-Haystack, b1 = b2 = 0, c ̸= 0, a ̸= 0 (A = a
a+ c

)10

We now turn to the case of a landscape with maximally posit ive epistasis— NIAH,11

which, as mentioned, has been used extensively in models of molecular evolut ion12

and, especially, in considerat ions of select ion-mutat ion balance and the existence of13
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For a highly positively epistatic landscape, 

recombination is only useful in the 

transient search regime



Recombination as a function of 

population bias
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Fig. 15. Value of ∆ at different generat ions for a two-locus two-allele system with a fi t ness

landscape with genet ic redundancy (b1 = b2 = 1, c = − 1, a = 1) for different values of the

init ial populat ion given by P11 and P10 (= P01 ). T he ∆ = 0 plane has been marked to dist inguish

between condit ions in which recombinat ion is favorable (∆ < 0) or not .

populat ions considered were not representat iveand therefore any ident ified benefits1

of recombinat ion were not “ universal” but , rather, t ied to the specific scenario2

considered. To counter these arguments, in this paper, we have taken the route of3

fixing a simple model — a two-locus, two-allele system of haploid sequences with4

non-overlapping generat ions evolving in the presence of select ion and homologous5

recombinat ion — but have analyzed the full parameter space of the model. This6

corresponds to three populat ion variables and three landscape parameters. Having7

fixed the model, we can begin to look for the regions of parameter space, if any, in8

which recombinat ion is beneficial. Of course, we first have to define what we mean9

by “ beneficial” . In this paper, we fixed two principal metrics: one was the SWLD10

coefficient for the opt imal genotype that measures the excess product ion of such11

types over and above that which is produced by select ion only; and the other is the12

increase in averagepopulat ion fitness over and above that which would be produced13

by select ion only. With these two metrics we measure the benefit s of recombinat ion14

in terms of its capacity to lead to higher proport ions of fit ter genotypes and fit ter15

populat ions relat ive to select ion only.16
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Fig. 12. Value of ∆ at different t ime steps for a two-locus, two-allele system with a mult iplicat ive

fitness landscape (a = 1, b1 = b2 = 2, c = 4) for different values of the init ial populat ion given

by P11 and P10 (= P01 ). The ∆ = 0 plane has been marked to dist inguish between condit ions in

which recombinat ion is favorable (∆ < 0) or not .

error thresholds. Here, it corresponds to a Boolean “ AND” funct ion on the two loci.1

Asa funct ion of the init ial populat ion wecan clearly see in Fig. 13 that in thesearch2

regime, where there is an ample supply of BBs and only a zero or small proport ion3

of the opt imal genotype, that recombinat ion is favorable, both in terms of leading4

to a more efficient product ion of the opt imal genotype when compared to select ion5

only (∆ < 0) as well as a more fit populat ion (D f̄ r + s
> 0, Fig. 14). On the other6

hand, away from the search regime it is clear that the effects of recombinat ion are7

unfavorable. Note that the advantage or disadvantage of recombination decreases8

in t ime as the system gets closer to linkage equilibr ium, this equilibrium being9

associated with a populat ion dominated by the optimal genotype.10

5.2.5. Landscape with genetic redundancy, a = 1, b= 1, c = − 111

For a landscapewith maximal negat iveepistasis, corresponding to an “OR” Boolean12

funct ion on the two loci, we see in Fig. 15 that very rapidly recombinat ion becomes13

beneficial in terms of ∆ for any init ial populat ion.14
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Fig. 16. Value of ∆ at different generat ions for a two-locus two-allele system with a decept ive

fitness landscape (b1 = b2 = − 0.5, c = 2, a = 1) for different values of the init ial populat ion given

by P11 and P10 (= P01 ). T he ∆ = 0 plane has been marked to dist inguish between condit ions in

which recombinat ion is favorable (∆ < 0) or not .

So, what does our analysis of the parameter space of this model tell us? The1

analyses we have carried out are consistent with the previous results of [42], where2

it was shown that there are two important , but dist inct , regimes in which recombi-3

nat ion is beneficial in terms of both the metrics that we have used to characterize4

its benefits. The first of these is the search regime, which is associated with con-5

dit ions where the fit test genotype is either not present or only at low frequency.6

This regime is relat ively well known, especially in the Genet ic Algorithms literature7

where search is a fundamental goal. In this regime the benefit from recombinat ion8

is relat ively independent of the fitness landscape. However, exact ly how beneficial it9

is does depend on both the landscape and the actual populat ion. The second regime10

we termed the modular regime and is associated with weakly addit ively epistat ic11

landscapes, i.e., quasi-addit ive landscapes. However, the fact that we have here12

analyzed the set of possible landscapes and populat ions, allows us to go beyond13

this restricted analysis and observe and characterize several important universal14

propert ies of recombinat ion. More important ly, within the confines of the assump-15

t ions of the init ial model itself we have performed an exact numerical integrat ion16
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Fig. 13. Value of ∆ at different generat ions for a two-locus two-allele system with a “ Needle

in a haystack” fitness landscape (b1 = b2 = 0, c = 0.001, a = 1) for different values of the

init ial populat ion given by P11 and P10(= P01 ). The ∆ = 0 plane has been marked to dist inguish

between condit ions in which recombinat ion is favorable (∆ < 0) or not .

5.2.6. Deceptive landscape, a = 1, b= − 0.5, c = 21

Finally, a deceptive landscape (Fig. 16) offers a complete contrast to that of a2

redundant one, with recombination being disadvantageous in terms of ∆ for any3

init ial populat ion.4

6. Conclusion5

As discussed in the introduction, genetic recombination remains a puzzle as far as6

having a full, intuit ive understanding of why it is so prevalent, with no generally7

accepted explanation of its benefits. Many, many theoret ical analyses have been8

performed. The vast majority of these have been in the context of variat ions on9

a theme of standard populat ion genet ics models— haploid, diploid, with modifier10

genes, without modifier genes, with finite populat ion, with infinite populat ion, with11

mutation, without mutat ion, with few loci, with many loci, with different fitness12

landscapes, with different populat ion states etc. In addit ion, many of these studies13

were analyt ical in nature and therefore inevitably associated with assumptions and14
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Sex and the fitness landscape

• There are two distinct regimes in which 

recombination (sex) is beneficial

• the “search” regime, when recombination acts principally 

as a search operator and is quasi-independent of the 

fitness landscape

• the “modular” regime, which is emergent and “universal” 

(independent of initial conditions and true for both 

performance metrics) and which is valid only for a 

relatively small part of landscape space

• The modular regime is characterized by 

“modular” fitness landscapes 

• Quasi-additive

• Redundant (negative epistasis/Boolean OR)



• The benefits of “sex” are a trade off between 

the creative and destructive effects of 

recombination as a function of landscape

• Although it seems that “sex” is only favoured 

asymptotically in a small part of landscape 

space – “modular” landscapes – it is 

precisely those landscapes that dominate 

biology

• Modularity (quasi-additivity) and redundancy 

pervade biological fitness landscapes and 

their underlying structural hierarchies 

(nucleotides, exons/introns, genes, gene 

complexes, chromosomes,…)



• However, just as in physics, modularity at 

a higher structural level is based on a 

higher degree of epistasis at a lower 

structural level (intra- versus inter-genic 

epistasis) 

• e.g., exons within a gene are more epistatically 

linked than exons in distinct genes just as atoms in a 

molecule are more tightly bound than atoms in 

different molecules.

• How does “sex”/recombination respect 

such hierarchies?

• By being subject to evolution...



Ortegon, Hartasanchez y Stephens

Modular landscape of four blocks of

8 genes with a NIAH landscape in 

each block  

Two types of recombination 

Random

Adaptive

Adaptive recombination allowed for 

a feedback mechanism from the 

offspring fitness. Fitter/less fit 

offspring  Increase/decrease 

recombination rate at that locus

 Recombination hotspots



So, we’ve considered genetic variation 

through “sex” meaning recombination of 

genetic material thought of as coming from 

more than one “type” leading to a different 

phenotype but in the context of a trivial 

genotype-phenotype map

“Sex with yourself” will consider genetic 

variation arising from recombination of 

genetic material coming from only one 

“type” leading to a different phenotype but 

in the context of a non-trivial genotype-

phenotype map



T. Cruzi

Etiological agent of Chagas disease; 

a zoonosis endemic in Mexico 

affecting more than 8 million people 

in the Americas.

About 12,000 genes, thousands of 

which are members of particular

gene families and about 25% of 

which are associated with surface 

proteins

Infects:

Multiple vectors (Triatomines), 

multiple hosts (mammals), 

Multiple human cell types/tissues

Every one of these environments 

is a different challenge to the 

pathogen

It needs to generate immense phenotypic 

diversity and that requires enormous genetic

plasticity. But its mainly clonal!



Sex with yourself, because finding 

the right partner can be difficult!
Indirect genotype-phenotype map and

gene expression 

If of all the genes (multiple copy number) of a gene family that code for a given 

surface protein (mucin, transialidase,…) only a subset are expressed in the 

phenotype then expression of different subsets will lead to different phenotypes.

There are then NCm possible phenotypes, where N is the number of genes in the 

family and m is the number that are expressed.

Each subset expressed is generated by recombining already existing genetic 

material. 



Elementary model of T. cruzi vs. 

the immune system
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Conclusions
• Despite being one of the most important properties of biological 

systems there is still no generally agreed explanation of why “sex” 
exists 

• There are different characterizations of “sex” – all are associated with 
some form or other of recombination of genetic material 

• Considered recombination in the context of a two locus- two allele 
model in the space of “all” possible landscapes and “all” possible 
initial populations – the full parameter space

• There are two distinct regimes where sex/recombination provides an 
advantage in terms of our performance metrics

• Search regime – quasi-independent of landscape

• Modular regime – emergent and universal

• Recombination is asymptotically favoured only for a small subset of 
landscapes 

• Modular – quasi additive

• Redundant – negative epistasis

• These landscapes types are the basis for all of biology



Conclusions
• A hierarchy of epistatic interactions link different levels of biological 

structure

• Recombination masks/rates have coevolved with biological fitness 
landscapes to reduce destruction of highly epistatically linked genetic 
combinations and increase creation of new, evolutionarily innovative 
combinations of modules (meta-evolution) leading to new phenotypes

• Normal “sex” requires at least two participants – types – so is 
“suppressed” 

• Genetic variation can also be generated internally by horizontal 
transfer

• Phenotypic variation can also be potentially generated without direct 
genetic variation by variable expression using an indirect genotype-
phenotype map

• T, cruzi potentially uses such an apparatus to survive in multiple 
environments in its lifecycle


